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Liquid-glass transition phase diagram for concentrated charge-stabilized colloids
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We model interactions between charged colloidal particles by the screened Coulomb potential, and employ
the analytically solved static structure factor in conjunction with the idealized mode-coupling theory to deter-
mine the liquid-glass transition phase boundary. We find that the presence of an ionic screening has the
consequence of revealing a subtle competition between the hard-core geometric factor and the charge-induced
screening effect, resulting, for the strong screening case, in an extended charge-stabilized suspension and, for
the weak screening case, in a more restrictive ergodic domain.@S1063-651X~97!09807-3#

PACS number~s!: 82.70.Dd, 61.20.Gy, 64.70.Pf
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The occurrence, in metastable liquid well above the ca
rimetric glass transition point, of a dynamical transitionmc

~which is the temperature for quenching or density for sup
compressing!, from ergodic to nonergodic behavior, has be
the subject of considerable experimental and theoretica
terest since it was first predicted by mode-coupling the
~MCT! @1#. The idealized version of MCT, which takes in
account coupling of the density fluctuations only@2#, is a
formal generalization of the equilibrium kinetic theory
liquids and of the Vlasov plasma theory. This theory h
been applied to different monatomic systems such as ne
hard spheres@3#, charged hard spheres@4#, Lennard-Jones
atoms@5#, and pure liquid metals@6#. Light @7# and neutron
@8# scattering experiments on model colloids and a variety
molecular glass forming materials@9# suggest the existenc
of the predictedmc , and find compatibility with the scaling
laws predicted by MCT despite the fact that, in many cas
the systems studied are far more complex than the o
component fluid for which the theory was developed. Ho
ever, interpretation of both the experimental data and
theoretical predictions in terms of MCT is not without co
troversy@10#.

In this paper we present a theoretical attempt to determ
the liquid-glass transition boundaries for a system of ha
core particles with screened Coulomb interactions. This s
tem is chosen because it represents a model for cha
stabilized colloidal suspensions, and it can, therefore,
realized experimentally. In addition, variation of the per
nent parameters, such as the number density, scree
length, and coupling strength that determine the poten
energy function, gives a rich diversity of equilibrium pha
behavior. At the same time, the interactions of these parti
are sufficiently simple in that the parameters embodied in
MCT can be calculated directly.

Although a charge-stabilized suspension is implicitly
multicomponent system consisting of macroions of diame
s and chargeZe, small counterions and co-ions, and solve
molecules, it can, in the coarse-grained view, be regarde
a one-component system of particles with the following g
eral form of pair potential@11#:
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bV~x!5geff

exp~2kx!

x
, x.1, ~1!

where the dimensionless lengthx5r /s. Here b is the in-
verse temperature;k5ks, and k is the inverse Debye
screening length determined by the concentration of cou
erions and, in the presence of electrolytes, co-ions;geff is the
surface charge parameter, in general a function ofk and of
the volume fractionh5ps3r/6, r being the number density
of macroions. An extensively studiedgeff is the one-
component macrofluid model of Derjaguin-Landau-Verwe
Overbeek~DLVO! @12# whoseV(x) exploits the large finite
size of macroions. The attractive feature of thisV(x) is that
static structure factor can be obtained analytically in
framework of the mean spherical approximation@13#. Here
the static structure factorS(q;h,k,g), is characterized by
three quantities: theh of macroions, the screening paramet
k, and the surface charge parametergeff[g5bpe0esc0

2ek

~wheree0 is the electric permittivity of free space,e is the
dielectric constant of the solvent, andc05Ze/
@pe0es(21k)# is the surface potential!. Respectively, these
parameters characterize the short-ranged hard-core,
intermediate-ranged screening, and the long-ranged cha
coupling effects in the system.

The projection operator methods give the following fo
mally exact expression for the dynamic structure factor@2#

R̂~q,z!52
z1M̂ ~q,z!

z22q2/bmS~q;h,k,g!1zM̂~q,z!
, ~2!

whereR̂(q,z)5 i*0
`dt exp(izt)R(q,t) is the Laplace transform

of the normalized intermediate scattering functi
R(q,t)5^dr* (q,t)dr(q,0)&/S(q;h,k,g), dr(q,t) being the
number density fluctuations of wave vectorq; M̂ (q,z) is the
memory function; andm is the mass of the particle. Centra
to the idealized MCT of the glass transition is to neglect
microscopic dynamics by taking the limitz→0, and to close
Eq. ~2! with an approximationM (q,t)'L(q,t), where
766 © 1997 The American Physical Society
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c(q;h,k,g)5@S(q;h,k,g)21#/rS(q;h,k,g) being the di-
rect correlation function.

To determine the dynamical transition bounda
mc5(hc ,kc ,gc) in MCT, we employ the analytical resu
for S(q;h,k,g) @13# and solve iteratively and self
consistently the dynamical nonlinear equation

f ~q!

12 f ~q!
5

bmS~q;h,k,g!

q2
L~q,t→`![Fq„f ~p!… ~4!

for (hc ,kc ,gc), which yields a nonzero Debye-Waller facto
f (q)5R(q,t→`). Asymptotic solutions to the MCT equa
tions near each dynamical transition point (hc ,kc ,gc) ex-
hibit interesting and experimentally testable scaling prop
ties. In particular, the dynamics over the mesoscopic t
scale between the times characterizing the fast microsc
process and the slowest structural relaxation is governe
the so-called ‘‘b-relaxation process.’’ For this process th
theory predicts factorization ofR(q,t) into temporal and
spatial fluctuations. It can be shown@2# that near
(hc ,kc ,gc) the temporal behavior ofR(q,t) is a scaled mas
ter function determined solely by a material-dependent
rameterl given by

l5
1

2 (
q,p8,p9

l̂ q
c@12 f ~p8!#2@]2Fq /] f ~p8!] f ~p9!#T

3@12 f ~p9!#2l p8
c l p9

c , ~5!

whereFq is defined in Eq.~4! andl q
c ~or l̂ q

c) is the right-hand
~or left-hand! eigenvector of the stability matrix
Cqp5@12 f (p)#2]Fq/] f (p).

Equations ~3! and ~4! were solved iteratively using
S(q;h,k,g) for parameters typically encountered in aqueo
suspensions, namely,T5298 K, e578.3, ands55 nm. The

FIG. 1. Volume fractionhc vs surface charge parametergc for
screening parametersk53 ~circles! andk56 ~triangles!.
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bifurcation of solutionsf (q)50, defining ergodic behavior
and f (q).0, defining nonergodic behavior, gives the d
namical transition points (hc ,kc ,gc). In Fig. 1 we display
the transition loci which separate the ergodic regim
h2g,hc2gc , from the nonergodic one,h2g>hc2gc ,
for the cases of weak (k53) and strong (k56) screening.
One notices immediately that the ergodic region in the we
screening environment is restrictive, whereas in the str
screening case the ergodic domain is comparatively m
extensive. In both caseshc decreases with increasinggc for
0.5 .h*0.4, but, forh,0.4, gc is almost independent o
h. The extent of the supercompressed regime can be un
stood by considering the physical significance ofk. For
given colloidal condition (b,s,e), the charge-induced cou
pling constantg}ek/(11k/2)2 is significantly larger for the
strong screening case. In the absence of electrolytes,
latter case would correspond physically to an increase
screening by counterions~relative to the casek53), and
hence leads to more stable suspensions. Note that alth
alsog}Z2, the detailed structures of thehc2gc character-
istics have been considerably masked by theek/(11k/2)2

dependence, and are only weakly affected byZ2. To pursue
our study of the transition loci further, in Fig. 2 we depict th
variation ofhc with the macroion chargeZc @14#. There are
two interesting aspects. The first aspect is thehc2Zc behav-
ior for both screening cases which, in the range
.h*0.45, havehc2Zc phase boundaries virtually the sam
but show differenthc2Zc behavior forh,0.45. The former
features manifests the hard-core geometric effect, whe
the second, in the absence of electrolytes, exhibits the cha
in ionic strength due to counterions which now play the ro
of charge stabilizing the macroparticles. The second aspe

FIG. 2. Volume fractionhc vs colloidal chargeZc ~in units of
electronic charge! for screening parametersk53 ~circles! and
k56 ~triangles!.
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the k53 case which, for a givenZ between 37e&Z&49e,
predicts the existence of twohc at whose places the colloida
suspension is seen to undergo a glass→ liquid→glass trans-
formation. This transformation property is reminiscent of t
‘‘re-entrant’’ behavior theoretically predicted for the collo
dal crystal@15# and here, for a given macroions, is associ-
ated with the change inr of macroions. We should stres
however, that in view of the use of the DLVO-type potent
the phase diagram depicted in Fig. 2 is somewhat qualita
Thus, although the estimated transition loci occur in a r
sonable parameter space, the quantitative details of the
of the estimation cannot be predicted at present.

In order to explore the practicability of the fluid-glas
transition phase diagram shown in Fig. 1, we consider
recent experiments performed on charge-stabilized sus
sions. The first one is the synchrotron small-angle x-r
scattering experiment by Sirotaet al. @16#, who measured the
static structure factors and phase diagram for a system
charged polystyrene spheres of diameters591 nm im-
mersed in the water-methanol solvent (e538), as functions
of concentration and of the range of the interaction. Th
electrolyte-free results show a glass transition athc50.2.
The second one is the experiment of Ha¨rtl, Versmold, and
Zhang-Heider@17# who, from static structure factors and in
termediate scattering functions measured by light scatte
on 500-nm poly-perfluorobutylacrylate particles suspen
in water-glycerol mixtures, observed a liquid-glass transit
at hc50.22. SinceS(q;h,k,g) depends on the paramete
(h,k,g), it can be seen from Eq.~1! that there is a range o
physical conditions yielding equivalent structures@18#, pro-
vided (h,k,g) are scaled properly. Thus, for givenh and
k, the surface charge parameterg can be written as a func
tion of three variablesg(s,c0 ,e)5bpe0esc0

2ek. For the
two specific caseshc50.2 and 0.22 of interest here, we o
tain, respectively, from Fig. 1 the values of the surfa
charge parametersgc ~5 nm, 92.652 mV, 78.3! 5 9162.44
and gc ~5 nm, 92.955 mV, 78.3!59222.46 for the case
k56. In accordance with the structural equivalents poin
out above, we may equate separately the experimental
ditions gc ~91 nm,c0, 38! andgc ~500 nm,c0, 38! to the
theoretical values forgc , 9162.44 and 9222.46, to deduc
the corresponding values forc0, respectively, forhc50.2
and 0.22. In this way we arrive atc0531.2 and 13.3 mV,
and, by c05Ze/@pe0es(21k)#, respectively obtain the
critical chargesZc5150e and 351e. The same procedur
when applied to k53 for the case hc50.2 yields
Zc5121e. It is interesting to note that these values forZc ,
150e and 121e, respectively, for the casesk56 and 3 span
the valueZc5135e estimated by Sirotaet al. @16#. In other
words, the screening parameterk for the dispersion of
charged polystyrene spheres, free of electrolytes, is appr
mately 4.5, and withs591 nm, will yield k21'202 Å,
which is in reasonable order to 290 Å estimated from R
@16#.

We now turn our attention to results of relevance of MC
Figure 3 displays theS(qm) at the first peak positionqm
plotted as a function ofZc for different k. The kind of the
cage effect mechanism manifested by dynamically in
locked clusters, each consisting of a central particle s
rounded by neighboring particles, is qualitatively exhibit
l
e.
-
ror

o
n-
-

of

ir

g
d
n

e

d
n-

xi-

f.

.

r-
r-

by the dependence ofS(qm) on Zc . Note thatS(qm) versus
Zc qualitatively mimics thehc2Zc transition phase bound
ary shown in Fig. 2.

We have calculated also theb-relaxation parameterl
which describes physically the temporal behavior ofR(q,t)
near (hc ,kcgc). Our calculations show thatl varies mildly
in magnitude for 0.5*hc.0.15 due to numerical precisio
in achieving an equal eigenvalue one~typically we obtain
0.9954560.0044 for a total of 400 iterations!. For k53 and
6 they satisfyl50.72860.02 andl50.71960.017, respec-
tively. These values differ from thel50.76 deduced from
the dynamic data of Ref.@17# for charged polymer colloids
havings5500 nm and athc50.22. One should note, how
ever, that this empirically fitted large-l value is physically
unsound, since the magnitude lies close to the hard-sph
like potential (l50.772@6#!. For lack of details on theZc of
charged colloidal particles, we cannot proceed with o
analysis.

In summary, we have proposed a tractable means to s
the qualitative phase diagram for a liquid-glass transform
tion. This was done for a charge-stabilized colloidal disp
sion using the DLVO-type static structure factor in conjun
tion with the idealized MCT. Our salt-free results indicate
more extended supercompressed suspension when
screening is effective. This implies an enhancement
charge-stabilizing tendency associated with the io
strength of counterions. The potential application and imp
tance of our calculations are further exploited by explici
estimating the charges carried by macroions and by com
ing with experimental polymer colloids the mode-couplin
parameterl near the same dynamical transition point. O
analysis shows that more quantitative works are neces
for a detailed comparison with experiments.
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FIG. 3. Static structure factorS(qm) at the principal peak posi-
tion qm vs colloidal chargeZc ~in units of electronic charge! for
screening parametersk53 ~circles! andk56 ~triangles!.
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